The main aim of this paper is to show that an AB5 * module whose small submodules have Krull dimension has a radical having Krull dimension.
Introduction
Let R be an associative ring with unit and let M be a left unital R-module.
Denote the socle of M, the intersection of all essential submodules of M, by
Soc(M).
A well-known theorem by Goodearl (see [7, Proposition 3.6] 
SMALL SUBMODULES WITH KRULL DIMENSION
a Z-module M such that every small submodule is noetherian and hence has Krull dimension but Rad(M) does not have Krull dimension (see [9, Example] 
Definitions
For the definition of Krull dimension we refer to Chapter 6 in [3] . A module M is said to be uniform if M = 0 and every non-zero submodule is essential in M. M is said to have finite uniform dimension (or finite Goldie dimension) if there is a monomorphism from a finite direct sum of proper uniform submodules of M to M such that the image is essential in M. It is well known that this is equivalent to the property that M has no infinite independent family of non-zero submodules and that there is a maximal finite independent family of uniform submodules (see [3, Theorem 5.9] ). We denote the cardinality of this family by udim(M) and call udim(M) the uniform dimension of M.
A module M is said to be hollow if M = 0 and every proper submodule is small in M. Hollow modules were introduced by Fleury in [4] . M is said to have finite hollow dimension if there is an epimorphism with a small kernel from M to a finite direct sum of non-zero hollow factor modules. It can be shown, that in this case there is a number n such that M does not allow an epimorphism to a direct sum with more than n summands. We denote this by hdim(M) = n and call hdim(M) the hollow dimension of M. For any submodule N of M we have
Definition. Let M be an R-module and {N λ } Λ a family of proper submodules of M. {N λ } Λ is called coindependent (see [11] ) if for every λ ∈ Λ and finite subset
It can be shown, that a module M has finite hollow dimension if and only if every coindependent family of submodules is finite (see [5, Corollary 13] ).
For more information on dual Goldie dimension we refer to [5] , [10] , [11] and [12] .
Definition. An R-module M has property AB5 * if for every submodule N and inverse systems {M i } i∈I of submodules of M the following holds:
Examples of modules with AB5 * are artinian or linearly compact modules.
Herbera and Shamsuddin proved the following result:
For a module M with property AB5 * the following statements are equivalent:
(a) Every factor module of M has finite uniform dimension.
(b) Every submodule of M has finite hollow dimension.
It is easy to see that implication (b) ⇒ (a) always holds (see [13, Proposition 12] ) and that (a) ⇒ (b) is false in general (for example M = Z Z).
Definition. Let M be an R-module and {N λ } Λ a family of proper submodules.
Then {N λ } Λ is called completely coindependent if for every λ ∈ Λ:
A completely coindependent family is coindependent, but the converse is not true in general (for example {pZ} in Z Z where p runs through all prime numbers).
Considering Herbera and Shamsuddin's proof of Lemma 1 we get:
Lemma 2. Every coindependent family of submodules of a module with property

AB5
* is completely coindependent.
3 Modules whose small submodules have Krull dimension.
In this section we will prove our main theorem. First we prove:
proper submodules of M and |Λ| ≥ 2. Assume that for every λ ∈ Λ there exists a Since {A J } J∈Ω and {B J } J∈Ω are inverse systems, we get for K ⊂ M: 
We will now state our main result: L/N has finite hollow dimension so that Λ has to be finite. Since L λ lies above N λ for all λ ∈ Λ, we get by applying Lemma 4 that L lies above N in M. Let
Thus L/N has finite hollow dimension and Λ must be finite. This shows that every coindependent family of submodules of G must be finite. Hence every submodule of Rad(M) has finite hollow dimension.
Let us recall a result by Lemonnier to prove the next theorem. 
